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Complex exponential as basis functions Overview of the algebra of the signal space

Algebra of the Signal Space

@ In this chapter, the signal space D(/Np) is considered. In this space,
the following operations are defined:

(x0(n),yo(n)) = Z xo(n)yg (n)

n=(No)
Ix(m)[? = (x0(n), xo(n))
d(xo(n),y0(n)) = lIxo(n) — yo(n)]|

@ In addition, the periodic convolution of discrete-variable signals has
been defined as:

xo(n) *yo(n) = Z xo(k)yo(n—k)

k=(No)
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Basis functions
Basis functions

@ Since the dimension of the signal space is N,, the bases will be finite and
numerable. The employed basis will be denoted by ¢(n; m).

@ In this case, the transform (basis change) can be described as:

1
am) = ot a0 m)
No—1
xo(m) = 3 a(m)o(n; m).

n=0

@ Later, it will be shown that the complex exponentials are a basis of the DV
periodic signals:

; 2w
$(n; m) = &™0" where Qg = =
No
@ It is relevant to note that the basis functions are periodic along n as well as

m

Al

@(n;m) = ¢(n;m+ No),  ¢(n;m) = ¢(n+ No; m)
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Complex exponential as basis functions Properties of the basis functions

Basis orthogonality

@ Let's check if the previous DV functions are orthogonal:

No—1 No—1 , N
((n; my), d(n; my)) Z e/(ml my) Z (ej(ml—mz),\,o) _
n=0
No if m; —mp = kNo
= l_ef(ml—mz)fv%"’o VkeZ

> =0 ifml—mz#k/vo

1_ej(m1*m2),\T0

@ Since the basis functions are orthogonal, they are also linearly
independent. Moreover, since the dimension of the vector space is Np,
then:

Basis functions

The functions ¢ (n; m) = /™" where Qg = N are a basis of the entire
signal space D(Np).
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Analysis and Synthesis Equations
Analysis and Synthesis Equations

Analysis and Synthesis Equations
The equations defining the FS in the case of discrete-variable signals are:

a(m)_l\t Z xo(n) —jmQon
n=(No)

xo(n)= Y a(m)emor
m=(No)

where Qg = 2“

@ It is relevant to note that, according to the properties of the basis functions,
the coefficients of the FS are also periodic

a(m) = a(m+ Np)

and, therefore, Ny consecutive coefficients are enough to define the FS (andﬂ»
consequently, the signal). :
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Convergence of the FS

Criteria for the convergence
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General properties

Linearity axp(n) + Byo(n) aa(m) + Bb(m)
Shifting xo(n—no) a(m)eJmkono
Multiplication by the xo(n)e/Mson a(m— M)
M-harmonic
Complex conjugation x5 (n) a*(—m)
Reversal xo(—n) a(—m)
Independent variable scaling | - xo(n/p) n mult. p %a(m)
pNo 0 n no mult. p
Periodic convolution xo(n) * yo(n) Noa(m)b(m)
Multiplication xo(n)yo(n) Zk:(N()) a(k)b(k —m)
First difference xo(n) —xo(n—1) (1 - efijO) a(m)
Summation (finite and e oo xo(k) (T:E%ﬁﬁﬁja(nﬂ
periodic only if a(0) = 0)
Inner product (%o(n),yo(n)) = No (a(m), b(m))
Real signals xo(n) real a(m) =a*(—m)
Even signals xo(n) = xo(—n) a(m) = a(—m)
Odd signals xo(n) = —xp(—n) a(m) = —a(—m) ;
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Special properties: Parseval's theorem and duality

@ As a consequence of the inner product property, the corresponding version of
the Parseval's theorem can be derived:

| Eo [xo(n)] = NoEo[a(m)] |

@ In addition, by inspecting the analysis and synthesis equations, it can be
found the following duality property:

FS (xo(n)) = 7-FS™ (xo(—m)) |

and, consequently:

a(n):NioDSF_l(xo(—m)) 0 xo(m)= N,DSF(a(—n))

x(n) < a(m) — a(n) Niox(—m)

@ This property can be employ to reuse the properties and transformed palrs .
both directions.
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Properties example #1

zo(n)
2
1 sin(3wk/5)
_ LIS k£ 0,45, 410, ete.
1 a(m) - 8
s k = 0,45, £10, etc.
0
$-7T6-5-4-3-2-10 123456 n
20,1(n)
i Lsin@rh/9) £ 45, £10, etc.
I I .. b(m) = ; Sin(nk/5) # 0,45, >
0 3 k= 0,5, +10, etc.
S8 -T—6-5-4-3-2-10 1 2 3 4 6 n ‘
L‘uz(")
” I” ! ” I ¢(m) = X 6(m — 5k)
0
8 —T —6 —5 —4 —3 -2 —1 0 2 3 4 5 6 n
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Risiciic
Properties example #2

Exercise
Suppose we are given the following facts about the signal xp(n):
@ xo(n) is periodic, with period Ny =6
@ Y0 _ox0(n) =2
© Y7 ,(~1)"xo(n) =1
Q xp(n) has the minimum average power among the set of signals
satisfying the preceding three conditions.

Solution
xo(n) = 3+ §(-1)"
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Example of FS

Example #1
@ Let us consider the following discrete-variable signal:
; 2
Xo(n) = &/0" donde Qg = il
No

@ This signal is already express as a Fourier series and, therefore, we can
directly identify the coefficients:

a(l)=1
@ And, therefore, in the range 0 < m < Ny —1:
a(m)=46(m-1)

@ If an arbitrary value of m is considered, which could be out of the previous
range, then we must take into account that a(m) is periodic. Consequently,
a general expression can be found by resorting to a periodic sum:

a(m)= Y d(m—1-kNo)

k=—00

10
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Example #2

Let us consider another complex exponential with the same period but multiple
angular frequency:
i 2
Xo(n) = &P \where Qo = ﬁﬁ and peZ
0
Note that p may be greater than Np. Let us also assume that p and Ny do not
have any common factor since, otherwise, the fundamental period would not be
Np.
If we choose a period including the integer p, i.e., Ny < m< Ny so p € [Ny, N>]
and Ny — N1 4+ 1 = Ny, then it is straightforward to identify the only coefficient
different from zero in that range:

a(p) =1
Therefore, in the considered range:
a(m) = (m—p)

Again, the general expression can be found by using a periodic sum:

Xo(n) = PN oy a(m) = Z o(m—p—kNp)

k=—o0
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Example #3

@ In the case of sinusoidal signals, the Fourier Series can be found by resorting to
linear combinations of complex exponentials:

1 oo
5 D S(m—p—KkNo)

1 1 _; k=—
xo(n) = cos (pQon) = EGJPQO"—Q—Ee Jpon OOoo
1
+3 > §(m+p— ki)
k=—o0

and

o0
1
% Z 0 (m—p—kNp)

xo(n) = sin (pQon) = %eipﬂon _ %e—jpﬂon :;Ooo
J -J 1
- = 6(m+P_kNO)

in both cases Q¢ = ?V—’;

@ Note that there are only two deltas per period.
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Example #3

Figure: Signal xo(n) = sin(27w/5n) represented in terms of FS.
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Example #3

wo(n)

U I B

-8 1| =6 -5 41 -3 =21 o 11 2 3l 4 5 ﬁl 7 8 9 n

—8—71—670*4*3*21*1 012314067819 m

Figure: Signal xo(n) = sin(2m 2 n) represented in terms of the FS.
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Exercise #1

Exercise #1

Determine the FS coefficients of the following signal

Xo(n) =1+sin <2Trn) +3cos(2ﬂn) —|—cos(47rn—|— W)
v No No No 2

Al
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Example of FS

Exercise #2
Exercise#2
Determine the FS coefficients of the following signal
zo(n)
1
0 l >
-8 -7—-6-5-4-3-2-10 1 2 3 4 5 6 n
Solution
L1shOnmS) m £ 0,45, 410, etc.
a(m) =143
5 m = 0,+5,£10, etc.
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Example of FS

Transform pairs

Complex elPon a(k) =1, k= p=£mN,
exponential
Cosine cos (pSQon) a(k)=1/2, k=+xp+mh,
1
a(k) = T k=p+mN,
Sine sin (pQon) _1'/
a(k) = o k=—p+mN,
Constant K a(k) =K, k=+mN,
Train of 1 _
impulses k;@& (n— kN,) a(k) = 4, Vk=p+mN,
Train of
pulses 1 sin[mQo(N+3)]
(Width no’2N+1(n) No sm(mgo)
2N +1) o
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Connection between FS and LS| systems

Response of a LS| system to a complex exponential

zo(n) h(n) Yo(n) eImSon 0 eIMn [T (m)
—> —> — n

@ If the input to a LSI system is a periodic signal, then the output is given by:

yo(n) = xo(n)xh(n) = 3" a(m) (eijO” « h(n)) .

m=(No)

@ Consequently, the output signal is a linear combination of functions of the

following kind:
00
eijOn*h(n) — Z eijo(n n )h e]QOmn Z h —Jonn'.
n’=o00 n’=o00

@ Thus, complex exponentials are (as in other chapter), eigenfunctions of the
LS| systems, and the eigenvalue H(mSg) is given by:

H(mQo) = H(Q)lg=ma, = [Zh (n')e

n'= ] Q=mQyq
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Connection between FS and LS| systems

Response of a LS| system to a periodic signal

z[](n) yo(n) ej'm,SZUn ej"’”"”H(mﬂo)
5 h(n) L — »  h(n) L

@ In a similar way to the continuous-variable case, the term

H(Q) = i h(n)e™ "

n=—0oo

is the (discrete-variable) Fourier transform of the system and it will be
studied in the next chapter.

@ The output of a LSI system to any periodic signal is also a periodic function:
wo(n)= > b(m)e™o",
m=(No)
whose FS coefficients are given by:

| b(m) = a(m)H(mQ) |
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Connection between FS and LS| systems

Example of FS and LSI system

Exercise

Find the output of a system whose impulse response is h(n) = au(n), —1 < & <1 when
the input is xp(n) = cos (%V—’;n) with N =4
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