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UNIT 6. GOALS

• To present the basic ideas of sampling.
• To analyze the benefits and risks associated with  
inferences carried out on samples.
• To study the concept of simple random sample. 
• To describe the concept of estimator. 
• To calculate and interpret the bias and mean square 
error of an estimator. 
• To analyze the basic properties of estimators. 
• To derive and interpret the maximum likehood estimator 
of a parameter. 
• To derive and interpret estimators by the method of 
moments.  
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Calculus of  
Probabilities

for X

Inferential methods

Random variable X

 Known probability model
 Limit theorems
 Tchebyshev’s bounds

Inferences on X

 Sample information on X
(X1, X2, ..., Xn)

 
 Inferential techniques:

• Estimation.
• Hypothesis testing
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Inferential methods

Random variable X

Population parameters
, 2, p, ...

Population parameters
, 2, p, ...

Sample information on XSample information on X
Sample

selection
methods

Inferential
 techniques
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Inferential methods. Motivation Inferential methods. Motivation 

X “Monthly demand of gasoline”

Sample information on X 

Estimation of the expected monthly demandEstimation of the expected monthly demand

Testing hypothesis on characteristics of XTesting hypothesis on characteristics of X

• Point estimation.
• Confidence intervals.

Hypothesis: The expected monthly demand is at least
 12,000 litres

Is there enough evidence in the sample to reject this 
hypothesis?
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Why do we need sample-based studies?

• Necessary in headcount 
and exhaustive studies.

• Large human and material 
resources are usually 
required.

• Time consuming.

• Expensive.
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CENSUS STUDIES 

• Saving money and time in 
field work.

• Suitable in homogeneous 
populations.

• The only possibility in 
destructive processes and 
infinite populations.
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Stages of a sample survey
 Preliminary stage: goals of the study
 Determination of the sampling frame

Elementary units.
Complementary information.

 Sample selection
 Random sampling with replacement. 
 Random sampling without replacement.

 Transmission of information
Context of the study.
Field work.

 Statistical processing of the data
Tabulation and synthesis.
Inferential techniques.

 Evaluation of results
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Sample selection techniques

• With replacement.
• Without replacement.
• Stratified.
• Cluster.
• Multistage.
• Systematic.

Prob (sample)

• Accidental.
• Quota.

Probability calculus allows us 
to measure and control 
inferential risks.

YES

RANDOM METHODS

NO

NON-RANDOM
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SIMPLE RANDOM SAMPLE

Random
selection

RANDOM SAMPLES

Simple Random Sample 
(s.r.s.)

Sample drawn from an
 infinite population.

Sample drawn with replacement
from a finite population.
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Probability distribution of a s.r.s.

F X 1 , . . . , X n
( x1 ,. . . ,xn)=F (x1) . .. F (x n)=∏

i= 1

n

F ( xi )

Simple random sample (s.r.s.)

 A s.r.s. is a random sample drawn from an infinite 
population, or a random sample drawn with 
replacement from a finite population.
 A s.r.s. amounts to an n-dimension random vector 

(X1, X2, ..., Xn) whose components are iid RVs (namely, 

n independent copies of X). 
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Result of succesively drawing two balls with replacement: 
(X1, X2)

X={0, P ( X=0) =P (black )=0 . 4
1, P ( X=1) =P ( white )=0 . 6}

Distribution of the sample

Sample 
observations

(x1, x2) P(x1, x2)

(W,W) (1,1) 0.36

(W,B) (1,0) 0.24

(B,W) (0,1) 0.24

(B,B) (0,0) 0.16
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SUMMARIZING THE SAMPLE INFORMATION

Random sample
(X1, X2, ..., Xn)

SYNTHESIS

Statistic
T = T(X1, X2, ..., Xn)

Inferences

Numeric sample
(x1, x2, ..., xn)

Value of the statistic
t = T(x1, x2, ..., xn)

Conclusions
Estimates, decisions
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Illustration:  The SAMPLE MEAN

( X 1 ,X 2 , . .. ,X n)   s .  r .  s . T=
X 1 +X 2+.. .+X n

n

E (T )=E(∑i=1

n

X i

n )=∑
i=1

n

E ( X i )

n
=
∑
i=1

n

μ

n
=μ

Var(T )=Var(∑i=1

n

X i

n )=∑
i=1

n

Var ( X i )

n2 =
∑
i=1

n

σ 2

n2 =
σ 2

n

X1, X2, ..., Xn, independent identically distributed RVs; 
E(Xi)=, Var(Xi)=2.
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STATISTICAL METHODS FOR BUSINESS

6.3.- Estimators and their properties. 6.3.- Estimators and their properties. 
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Desirable properties of estimators

Lack of systematic errors.

Low risk. 

All the sample information is exploited.

Convergence to the value of the parameter.

Unbiasedness

Efficiency

Sufficiency

Consistency
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UnbiasednessUnbiasedness

RANDOM ERROR associated with T: eT =T−θ

No systematic 
error

E (eT )=0

UNBIASED
 ESTIMATOR

E (T ) =θ
BIAS BT (θ )=E (eT )=E (T )−θ

T, estimator for parameter 
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Efficiency

Estimator Ta Estimator Tb

MSET (θ) =E (eT
2 )=E [(T-θ )2 ]

MEAN SQUARED ERROR

MSE T (θ )=BT
2 (θ )+Var (T )
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Relative efficiency

Given estimators T1 and T2, we say that T1 is more 

efficient than T2 to estimate  if the MSE of T1 is 

smaller than that of T2, i.e.,

MSE T 1
<MSET 2
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Sufficiency and consistency

Estimator T is sufficient for if it exploits all the 

information on  available in the sample.

A sequence Tn of estimators is consistent for  if it 

converges (in probability) to .
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6.4.- Methods of obtaining estimators. 6.4.- Methods of obtaining estimators. 
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L (x1 , .. . ,x n ,θ )=∏
i=1

n

P( x i ,θ)

L (x1 , .. . ,x n ,θ )=
∂n F (x1 ,. . . ,xn ,θ )

∂ x1. . .∂ xn
=∏

i=1

n ∂ F (x i ,θ )
∂ x i

if X is discrete

The likelihood function

Population X F(x, ) distribution function

, unknown parameter

LIKELIHOOD FUNCTION

L (x1 , .. . ,x n ,θ )=∏
i=1

n

f (x i ,θ ) if X is continuous
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Population XBe(p)    X=1 unemployed person
p: 'unemployement rate'    X=0 otherwise

s . r . s . ( X 1 ,X 2 ,. .. ,X n)

L (x1 ,x2 , .. . ,x n ,p)=∏
i= 1

n

p xi(1− p )1− xi= p
∑
i= 1

n

xi

(1−p )
n−∑

i=1

n

xi

Likelihood function:

• Given p, L gives us the probability of the sample.
(Example: unemployement rate of 20%)

L (x1 ,x2 , .. . ,x n)=(0 . 2)
∑
i= 1

n

xi

(0.8 )
n−∑

i= 1

n

xi

• Given a numeric sample, L assesses its likelihood as a function
 of p.
(Example: in a sample of 20 individuals, 5 of them are jobless)

L ( p) =p5 (1−p )15

Illustration
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p=20%

p=5%

Parameter
 space

Likelihood MLE
estimate

L=0.041

L=0.082

Maximum likelihood estimation (MLE)

Where does the sample come from?

Sample
 information:

n=5,
1 unemployed

p̂=20
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Method of maximum likelihood

XF(x, ); (X1, X2, …, Xn) s.r.s.

Likelihood function: L(x1, x2, …, xn, )

Criterion:

Necessary condition:

Sufficient condition: 

 


LnL x x xn( , ,..., , )1 2 0

 


2
1 2

2 0LnL x x xn( , ,..., , ) 

How to compute an ML estimator for ?

maxθ L( x1 ,x2 ,. .. ,xn ,θ ) maxθ Ln[ L( x1 ,x2 ,. . . ,xn ,θ )]
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Likelihood function

The ML estimator for the population proportion (p) is the sample 
proportion,   . p̂

Necessary condition



Method of moments estimators

POPULATION
MOMENTS 

POPULATION X SAMPLE (X1, ..., Xn)

SAMPLE
MOMENTS

E X( )2

E Xk( )

E X( ) X

n

i
i

n




1

X

n

i
i

n
2

1


X
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i
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System of k equations with 
unknowns 1, ...,  k

1, ..., k

Unknown parameterss


